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The quantum Fourier transform brings efficiency in many respects, especially usage of
resource, for most operations on quantum computers. In this study, the existing QFT-
based and non-QFT-based quantum arithmetic operations are examined. The capabil-
ities of QFT-based addition and multiplication are improved with some modifications.
The proposed operations are compared with the nearest quantum arithmetic operations.
Furthermore, novel QFT-based subtraction and division operations are presented. The
proposed arithmetic operations can perform non-modular operations on all signed num-
bers without any limitation by using less resources. In addition, novel quantum circuits
of two’s complement, absolute value and comparison operations are also presented by
using the proposed QFT based addition and subtraction operations.
Keywords: Quantum computing; quantum addition; quantum subtraction; quantum
multiplication; quantum division; quantum comparison.
1. Introduction
In recent years, quantum computation have started to attract attention with the
ease of solving difficult problems in classical computation. After Shor proposed
the quantum factoring algorithm,1 researchers’ interest in quantum arithmetic op-
erations increased. Quantum arithmetic operations are required in many studies
such as quantum signal processing, quantum machine learning. Especially in quan-
tum image processing, arithmetic operations are used in many processes such as
steganography, edge detection and pattern recognition.
The modular adder, the modular multiplier and the modular exponentiation
operations proposed by Vedral et al.2 are the first elementary quantum arithmetic
operations to improve the time and the memory complexity of Shor’s quantum fac-
toring algorithm. Gossett3 showed how to design modular arithmetic elements from
quantum gates using the carry-save method on a classic computer. Draper4 pro-
posed a new method for computing sums on a quantum computer. This technique
uses the quantum Fourier transform (QFT) and reduces the number of carry qubits.
1
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Cuccaro et al.5 presented a new linear-depth ripple-carry quantum addition circuit.
This new adder circuit uses only a single ancillary qubit instead of the many ancil-
lary qubits used by the previous adder circuits. Takahashi and Kunihiro6 proposed
a quantum circuit based on the ripple-carry approach for addition of two n-bit bi-
nary numbers that uses no ancillary qubits. Draper et al.7 focused on decreasing
the depth and constructed a fast quantum circuit for addition using the classical
carry-lookahead technique. Takahashi and Kunihiro8 combined a modified version
of Draper et al.s quantum carry-lookahead adder in Ref. 7 with parallel applications
of Takahashi et al.s quantum ripple-carry adder in Ref. 6. This modified adder used
a few qubits and saved ancillary qubits. Alvarez-Sanchez et al.9 proposed a quan-
tum multiplication architecture based on the Booth algorithm on classical comput-
ers, which used signed integers. Markov and Saeedi10 proposed constant-optimized
quantum circuits for modular multiplication and exponentiation. Wang et al.11 pre-
sented an improved linear-depth ripple-carry quantum addition circuit, which is an
elementary circuit used for quantum computation. Compared with previous adder
circuits costing at least two Toffoli gates for each bit of output, the proposed adder
used only a single Toffoli gate. Babu12 proposed a cost-efficient quantum multiplier-
accumulator unit. Babu presented a fast multiplication algorithm with the optimum
time complexity and designed a novel quantum multiplier based on the proposed
algorithm. Ruiz-Perez and Garcia-Escartin13 made some simple variations to the
existing QFT adders and multipliers, proposed a novel adder and a novel multi-
plier based on QFT with improved capabilities. The modified circuits could perform
non-modular addition and modular multiplication operations. These circuits could
also perform modular signed addition for numbers up to d/2 (d is the number of
modulo).
The overall goal of quantum arithmetic operations should be to be able to
operate on all numbers without any limitation, using as few ancillary qubits and
basic quantum gates as possible. All the arithmetic operations in the literature are
on integers with same numbers of qubit n × n. All the studies except the adder
in Ref. 13 are modular arithmetic operations. In addition, only the QFT adder in
Ref. 13 and the multiplier in Ref. 9 can operate with signed integers. Furthermore,
too many n-CNOT gates are used in non-QFT based arithmetic operations. n-
CNOT gate consists of 2n−1 Toffoli gates (each Toffoli gate consists six CNOT gate)
and one CNOT gate. This is also leading to increase in time complexity. Most of the
studies in the literature have focused on addition, multiplication and exponentiation
to make Shor’s quantum factoring algorithm in Ref. 1 more efficiently.
In this paper, both modular and non-modular QFT based addition, subtrac-
tion, multiplication and division arithmetic operations are presented. In addition
to these arithmetic operations, two’s complement, absolute value calculation and
comparison operations are presented. All the arithmetic operations are performed
on two signed integers with the different number of qubits (n × m). Hence, the
proposed operators will be the first in the literature. The comparison operators in
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the literature compare only positive integers with the same number of qubits. The
proposed comparison operation also compares signed integers (positive and nega-
tive) with the different number of qubits. The results of multiplication and division
operations are calculated on a separate qubit sequence, not on input qubits. Thus,
the required resource and the time complexity in operations are reduced by reusing
the input qubits. The proposed quantum arithmetic operators use less ancillary
qubits and basic quantum gates on all integers with no limitations in accordance
with the overall goal. Moreover, since the proposed operators are QFT-based, they
are more efficient than conventional calculation based operators.
This paper is organized as follows. Section 2 briefly introduces the two’s com-
plement of signed binary integers and the quantum Fourier transform. Section 3
presents the quantum circuits for addition, subtraction, multiplication, division,
two’s complement, absolute value and comparison operations and briefly explana-
tions of the related operations. Section 4 makes comparisons between the proposed
operations and the relevant operations with respect to the usage of ancillary qubits
and time complexity. A conclusion remarks are given in Sect 5.
2. Preliminaries
2.1. Two’s complement of signed binary integers
Two’s complement is the most common method of representing signed integers on
computers. The two’s complement is calculated by inverting the bits and adding
one. In this scheme, if the binary number (010)2 encodes the signed integer (2)10,
then its two’s complement, (110)2, encodes the inverse (−2)10. The leading bit is
the sign bit and is called the most significant bit (MSB). If the MSB of a number is
0, the number is positive, and if the MSB of a number is 1, the number is negative.
Any n-bit integer x = x0x1 · · ·xn−1 can be represented as a quantum state |x〉 as
follows:
|x〉 = |x0〉 ⊗ |x1〉 ⊗ · · · ⊗ |xn−1〉 = |x0x1 · · ·xn−1〉 . (1)
where xi ∈ {0, 1}, i = 0, 1, · · · , n− 1 and ⊗ is a tensor product. If x is positive,
then x0 = 0 and x is simply represented as a binary sequence. In the other case, if
x is negative, then x0 = 1 and x is represented by the two’s complement of signed
integer as follows.
X⊗n |x〉 = |x¯〉 = |x¯0x¯1 · · · x¯n−1〉 . (2)
|x¯〉+ |1〉 = |−x〉 . (3)
Where X is a Pauli X gate. The quantum circuit of the two’s complement
method using by the proposed QFT addition is given in Sec. 3.3.
May 8, 2020 2:44 WSPC/INSTRUCTION FILE
Manuscript˙quantum˙arithmetic˙operations
4 Engin S¸ahin
2.2. The quantum Fourier transform
Quantum Fourier transform (QFT) is a application of classical discrete Fourier
transform to the quantum states.14, 15 The quantum Fourier transform of state |x〉
from the computational basis |0〉 , |1〉 , · · · , |n− 1〉 can be defined as follows:
QFT |x〉 = 1√
n
n−1∑
y=0
ei
2pixy
n |y〉 . (4)
The QFT encodes a number x into the phases ei
2pixy
n = ωxy of all states |y〉
of equal amplitude 1/
√
n in superposition. The state QFT |x〉 is usually shown as
|φ(x)〉. The inverse QFT (QFT †) can be defined as follows.
QFT † |y〉 = 1√
n
n−1∑
x=0
e−i
2pixy
n |x〉 . (5)
In this study, an overflow qubit |0〉 is used in addition to n-qubit state for
non-modular arithmetic operations. This overflow qubit is actually the MSB of the
result, ie the sign qubit. The circuits of the QFT and the inverse QFT are given to
use for operations in the following sections. Thus, the quantum circuit of the QFT
application to the n-qubit state |a〉 with an additional overflow qubit (n+1-qubit in
total) is given in Fig. 1. The quantum circuit of applying QFT † to state |φ(a+ b)〉
is given in Fig. 2.
|0〉 H R2 · · · Rn Rn+1 |φ1(a)〉
|a1〉 • H R2 · · · Rn−1 Rn |φ2(a)〉
.
.
.
· · · .
.
.
|an−1〉 • • H R2 |φn(a)〉
|an〉 • • • H |φn+1(a)〉
(a)
|0〉
QFT
n + 1
/ |φ(a)〉
|a〉
n
/
(b)
Fig. 1. The quantum Fourier transform (a) the quantum circuit of QFT, (b) the simplified graph
of QFT.
The number of operations required for the QFT of any n-qubit input is n(n+1)/2
and the time complexity is O(n2). Barenco et al. proposed approximate quantum
Fourier transform (AQFT) in Ref. 16 in the presence of decoherence to reduce the
number of operations required for QFT from n(n + 1)/2 to (2n − log2 n)(log2 n −
1)/2 ≈ n log2 n. However, the AQFT is used in algorithms that include periodicity
estimates. Therefore, the QFT is used instead of the AQFT in this study.
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|φ1(a + b)〉 R
−1
n+1 R
−1
n
· · · R−12 H |(a + b)0〉
|φ2(a + b)〉 R−1n R
−1
n−1
· · · R−12 H • |(a + b)1〉
.
.
.
· · · .
.
.
|φn(a + b)〉 R
−1
2 H • • |(a + b)n−1〉
|φn+1(a + b)〉 H • • • |(a + b)n〉
(a)
|φ(a)〉
n + 1
/
QFT †
|a〉
(b)
Fig. 2. The inverse quantum Fourier transform (a) the quantum circuit of QFT †, (b) the simplified
graph of QFT †.
3. Quantum Circuits for Arithmetic Operations
In this section, both modular and non-modular addition, subtraction, multiplication
and division arithmetic operations based on QFT are presented. In addition, two’s
complement, absolute value calculation and comparison operations are presented.
All the arithmetic operations are performed on two signed integers with the different
number of qubits (n×m).
Let’s consider the quantum states |a〉 and |b〉 of the signed integers n-bit a and
m-bit b to be used in the arithmetic operations presented in this section as follows.
|a〉 = |a1a2 · · ·an〉 = |a1〉 ⊗ |a2〉 ⊗ · · · ⊗ |an〉 . (6)
|b〉 = |b1b2 · · · bm〉 = |b1〉 ⊗ |b2〉 ⊗ · · · ⊗ |bm〉 . (7)
where ai, bj ∈ {0, 1}, i = 1, 2, ..., n, j = 1, 2, ...,m and ⊗ is a tensor product. a1
and b1 are sign qubits of the signed integers.
The required number of operations specified for all the proposed quantum arith-
metic operators is in terms of the number of basic quantum gates.
3.1. QFT based addition operation
Ruiz-Perez and Garcia-Escartin proposed modular and non-modular QFT based
adder in Ref. 13 by adding an additional qubit to the Draper’s modular QFT adder
in Ref. 4. The modified circuit in Ref. 13 could perform non-modular and modular
addition operations on unsigned (i.e. positive) integers (n×n). These circuits could
also perform modular addition for signed integers up to d/2 (d is the number of
modulo). In this section, the improved version of the QFT adder in Ref. 13 is
presented for both modular and non-modular adder on all signed integers (n×m)
without a limit such as d/2. To accomplish this, an additional qubit |0〉 which will
be the sign qubit of the result, is first added to the state |a〉 like in Ruiz-Perez and
Garcia-Escartin’s design. For the modular addition, no additional qubit is required
for the proposed method in this study. All the proposed circuits in this study are
shown for n ≥ m.
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|0〉 ⊗ |a〉 = |a0a1 · · · an〉 = |a〉 . (8)
In non-modular addition, when both numbers are positive or negative, the sign
qubits |a1〉 and |b1〉 affect the |a0〉 smoothly at the end of process. However, if one of
the numbers is negative and one is positive, the overflow qubit also affects the |a0〉.
The sign qubit |a0〉 is incorrect at the end of the operation. Therefore, Ruiz-Perez
and Garcia-Escartin limits the addition to d/2 with signed integers. To correct this
and to make the addition without any limit, two Toffoli gates with control qubits
|a1〉 of |a〉 and |b1〉 of |b〉 (one of the gates is 0-controlled on |a1〉, the other is 0-
controlled on |b1〉) are applied to the qubit |a0〉. Then the QFT circuit shown in
Fig. 1 is applied to the state |a〉. The states |φi(a)〉 represent the ith qubit of the
phase state |φ(a)〉.
In the Ruiz-Perez and Garcia-Escartin’s QFT adder, the application of con-
trolled rotation phase gates leads to error as a result of the adder process. The
corrected circuit of adding state |b〉 to state |a〉 with controlled rotation phase gates
for non-modular addition (NMAdd) is shown in Fig. 3. Furthermore, the quantum
circuit for modular addition (MAdd) is shown in Fig. 4. The rotation phase gate is
follows.
Rk =
[
1 0
0 e
2pii
2k
]
. (9)
|φ1(a)〉 R2 R3 · · · Rm Rm+1 |φ1(a + b)〉
|φ2(a)〉 · · · · · · R1 R2 · · · Rm−1 Rm |φ2(a + b)〉
.
.
.
.
.
.
|φn+1−m(a)〉 R1 R2 · · · Rm−1 Rm |φn+1−m(a + b)〉
|φn+1−m+1(a)〉 R1 R2 · · · Rm−1 Rm |φn+1−m+1(a + b)〉
.
.
.
· · · · · · .
.
.
|φn(a)〉 R1 R2 |φn(a + b)〉
|φn+1(a)〉 R1 |φn+1(a + b)〉
|b1〉 • • • • |b1〉
|b2〉 • • • • |b2〉
.
.
.
· · · · · · .
.
.
|bm−1〉 • • • • • |bm−1〉
|bm〉 • • • • • • |bm〉
(a)
|φ(a)〉
n + 1
/
NMAdd
|φ(a + b)〉
|b〉
m
/ |b〉
(b)
Fig. 3. The non-modular addition with controlled rotation phase gates (NMAdd) (a) the quantum
circuit of NMAdd, (b) the simplified graph of NMAdd.
Finally, the state |a+ b〉 is obtained by applying inverse QFT circuit shown in
Fig. 2. The full quantum circuits of QFT addition operation on the signed integers
n × m are shown in Fig. 5 for non-modular addition (QNMAdd) and Fig. 6 for
modular addition (QMAdd).
To add m-qubits signed integer |b〉 to n-qubits signed integer |a〉, n+m-qubits
are used for modular addition, n+m+1-qubits are used for non-modular addition
with only one additional qubit in this study. The proposed QFT adder requires no
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|φ1(a)〉 · · · · · · R1 R2 · · · Rm−1 Rm |φ1(a + b)〉
.
.
.
.
.
.
|φn−m(a)〉 R1 R2 · · · Rm−1 Rm |φn−m(a + b)〉
|φn−m+1(a)〉 R1 R2 · · · Rm−1 Rm |φn−m+1(a + b)〉
.
.
.
· · · · · · .
.
.
|φn−1(a)〉 R1 R2 |φn−1(a + b)〉
|φn(a)〉 R1 |φn(a + b)〉
|b1〉 • • • |b1〉
|b2〉 • • • |b2〉
.
.
.
· · · · · · .
.
.
|bm−1〉 • • • • |bm−1〉
|bm〉 • • • • • |bm〉
(a)
|φ(a)〉
n
/
MAdd
|φ(a + b)〉
|b〉
m
/ |b〉
(b)
Fig. 4. The modular addition with controlled rotation phase gates (MAdd) (a) the quantum circuit
of MAdd, (b) the simplified graph of MAdd.
|0〉
QFT
NMAdd
QFT †
|(a + b)0〉
|a1〉 • |(a + b)1〉
.
.
.
.
.
.
|an〉 |(a + b)n〉
|b1〉 • |b1〉
.
.
.
.
.
.
|bm〉 |bm〉
(a)
|0〉
QNMAdd
n + 1
/ |a + b〉
|a〉
n
/
|b〉
m
/
m
/ |b〉
(b)
Fig. 5. The non-modular QFT addition (QNMAdd) (a) the quantum circuit of QNMAdd, (b) the
simplified graph of QNMAdd.
|a1〉
QFT
MAdd
QFT †
|(a + b)1〉
.
.
.
.
.
.
|an〉 |(a + b)n〉
|b1〉 |b1〉
.
.
.
.
.
.
|bm〉 |bm〉
(a)
|a〉
n
/
QMAdd
|a + b〉
|b〉
m
/ |b〉
(b)
Fig. 6. The modular QFT addition (QMAdd) (a) the quantum circuit of QMAdd, (b) the simplified
graph of QMAdd.
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additional ancillary qubits compared to the other classic computation-based quan-
tum adders and uses a minimum size of qubits for non-modular addition with signed
integers (n×m). A total of 16 basic gate operations (4 NOT and 2 Toffoli gates) are
needed to correct the sign qubit before the QFT circuit. The number of operations
required for the QFT circuit is ((n+ 1)(n+ 2)/2) for (n + 1)-qubit input and the
time complexity is O(n2). The number of operations required for the NMAdd circuit
is ((m)(m+ 1)/2 +m(n+ 1−m)) = ((n2 + n+ 1)/2) (for n = m) for the inputs
n-qubits |a〉 andm-qubits |b〉 and the time complexity is O(n2). The number of oper-
ations required for the MAdd circuit is ((m)(m+ 1)/2 +m(n−m)) = ((n2 + n)/2)
(for n = m) for the inputs n-qubits |a〉 and m-qubits |b〉 and the time complex-
ity is O(n2). The number of operations required for the inverse QFT circuit is
((n+ 1)(n+ 2)/2) for (n + 1)-qubit input and the time complexity is O(n2). The
number of operations required for the non-modular QFT addition (QNMAdd) cir-
cuit is
(
(n2 + 3n+ 18) + (m)(2n−m+ 3)/2) = (3(n2 + 3n+ 12)/2) (for n = m)
for the inputs n-qubits |a〉 and m-qubits |b〉 and the time complexity is O(n2).
The number of operations required for the modular QFT addition (QMAdd) cir-
cuit is
(
(n2 + n) + (m)(2n−m+ 1)/2) = (3(n2 + n)/2) (for n = m) for the inputs
n-qubits |a〉 and m-qubits |b〉 and the time complexity is O(n2).
3.2. QFT subtraction operation
The QFT based subtraction operation is very similar to the QFT based addition
operation. As with the QFT based addition operation, two NOT gates with zero
and one controlled are initially applied for sign qubit correction, then the QFT is
applied to the state |a〉. In the QFT subtraction operation, the inverse rotation
phase gates are used instead of the rotation phase gates used in the QFT addition
operation. The inverse rotation phase gate is follows.
R−1k =
[
1 0
0 e−
2pii
2k
]
. (10)
The circuit of subtracting state |b〉 from state |a〉 with controlled inverse rotation
phase gates for non-modular subtraction (NMSub) is shown in Fig. 7. The quantum
circuit for modular subtraction (MSub) is shown in Fig. 8.
Finally, the state |a− b〉 is obtained by applying inverse QFT circuit shown
in Fig. 2. The full quantum circuits of QFT subtraction operation on the signed
integers n×m are shown in Fig. 9 for non-modular subtraction (QNMSub) and in
Fig. 10 for modular addition (QMSub).
To subtract m-qubits signed integer |b〉 from n-qubits signed integer |a〉, n+m-
qubits are used for modular addition, n + m + 1-qubits are used with only one
additional qubit for non-modular addition in this study. This QFT subtraction op-
eration uses a minimum size of qubits for non-modular subtraction with signed
integers (n × m). The number of operations required for the NMSub circuit is
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|φ1(a)〉 R
−1
2 R
−1
3
· · · R−1
m
R−1
m+1
|φ1(a − b)〉
|φ2(a)〉 · · · · · · R
−1
1 R
−1
2
· · · R−1
m−1 R
−1
m
|φ2(a − b)〉
.
.
.
.
.
.
|φn+1−m(a)〉 R
−1
1 R
−1
2
· · · R−1
m−1 R
−1
m
|φn+1−m(a − b)〉
|φn+1−m+1(a)〉 R
−1
1 R
−1
2
· · · R−1
m−1 R
−1
m
|φn+1−m+1(a − b)〉
.
.
.
· · · · · · .
.
.
|φn(a)〉 R
−1
1 R
−1
2
|φn(a − b)〉
|φn+1(a)〉 R
−1
1
|φn+1(a − b)〉
|b1〉 • • • • |b1〉
|b2〉 • • • • |b2〉
.
.
.
· · · · · · .
.
.
|bm−1〉 • • • • • |bm−1〉
|bm〉 • • • • • • |bm〉
(a)
|φ(a)〉
n + 1
/
NMSub
|φ(a − b)〉
|b〉
m
/ |b〉
(b)
Fig. 7. The non-modular subtraction with controlled rotation phase gates (NMSub) (a) the quan-
tum circuit of NMSub, (b) the simplified graph of NMSub.
|φ1(a)〉 · · · · · · R
−1
1 R
−1
2
· · · R−1
m−1 R
−1
m
|φ1(a − b)〉
.
.
.
.
.
.
|φn−m(a)〉 R
−1
1 R
−1
2
· · · R−1
m−1 R
−1
m
|φn−m(a − b)〉
|φn−m+1(a)〉 R
−1
1 R
−1
2
· · · R−1
m−1 R
−1
m
|φn−m+1(a − b)〉
.
.
.
· · · · · · .
.
.
|φn−1(a)〉 R
−1
1 R
−1
2
|φn−1(a − b)〉
|φn(a)〉 R
−1
1
|φn(a − b)〉
|b1〉 • • • |b1〉
|b2〉 • • • |b2〉
.
.
.
· · · · · · .
.
.
|bm−1〉 • • • • |bm−1〉
|bm〉 • • • • • |bm〉
(a)
|φ(a)〉
n
/
MSub
|φ(a − b)〉
|b〉
m
/ |b〉
(b)
Fig. 8. The modular subtraction with controlled rotation phase gates (MSub) (a) the quantum
circuit of MSub, (b) the simplified graph of MSub.
|0〉
QFT
NMSub
QFT †
|(a − b)0〉
|a1〉 • |(a − b)1〉
.
.
.
.
.
.
|an〉 |(a − b)n〉
|b1〉 • |b1〉
.
.
.
.
.
.
|bm〉 |bm〉
(a)
|0〉
QNMSub
n + 1
/ |a − b〉
|a〉
n
/
|b〉
m
/
m
/ |b〉
(b)
Fig. 9. The non-modular QFT subtraction (QNMSub) (a) the quantum circuit of QNMSub, (b)
the simplified graph of QNMSub.
((m)(m+ 1)/2 +m(n+ 1−m)) = ((n2 + 3n)/2) (for n = m) for the inputs n-
qubits |a〉 and m-qubits |b〉 and the time complexity is O(n2). The number of oper-
ations required for the MSub circuit is ((m)(m + 1)/2 +m(n−m)) = ((n2 + n)/2)
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|a1〉
QFT
MSub
QFT †
|(a − b)1〉
.
.
.
.
.
.
|an〉 |(a − b)n〉
|b1〉 |b1〉
.
.
.
.
.
.
|bm〉 |bm〉
(a)
|a〉
n
/
QMSub
|a − b〉
|b〉
m
/ |b〉
(b)
Fig. 10. The modular QFT subtraction (QMSub) (a) the quantum circuit of QMSub, (b) the
simplified graph of QMSub.
(for n = m) for the inputs n-qubits |a〉 and m-qubits |b〉 and the time complexity
is O(n2). The number of operations required for the non-modular QFT subtraction
(QNMSub) circuit is
(
(n2 + 3n+ 18) + (m)(2n−m+ 3)/2) = (3(n2 + 3n+ 12)/2)
(for n = m) for the inputs n-qubits |a〉 and m-qubits |b〉 and the time complex-
ity is O(n2). The number of operations required for the modular QFT subtraction
(QMSub) circuit is
(
(n2 + n) + (m)(2n−m+ 1)/2) = (3(n2 + n)/2) (for n = m)
for the inputs n-qubits |a〉 and m-qubits |b〉 and the time complexity is O(n2).
3.3. QFT based absolute value operation
Absolute value is a positive expression of a number. In other words, the negative
number is multiplied by -1. The two’s complement method is used to change the
sign by multiplying a number with -1 in the binary number system. If the number
is negative, the number is converted to positive by the two’s complement method
and thus its absolute value is found. The quantum circuit of the two’s complement
method (QTC) for n-qubits |a〉 (|a1〉 is a sign qubit) is shown in Fig. 11.
Where |1〉 is for adding 1 in the two’s complement method. If the sign qubit
|a1〉 = 0, |a〉 is a positive number and no action is required for the absolute value. If
the sign qubit |a1〉 = 1, |a〉 is negative and the two’s complement must be applied
to |a〉. First, an additional ancillary qubit |0〉 is required to store the sign qubit |a1〉
of the state |a〉. Then by applying CNOT(|a1〉,|0〉) gate, the state |a1〉 is transferred
to the state |0〉 as |s〉. The controlled (|a1〉) QTC circuit is applied to other qubits
of the state |a〉 (|a2...an〉) and state |1〉. Finally, by applying CNOT(|s〉,|a1〉) gate,
if the number is negative, the sign qubit |a1〉 changes from |1〉 to |0〉, so the number
will be positive. The quantum circuit of the absolute value operation is shown in
Fig. 12.
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|a1〉 X
QMAdd
|a2〉 X
...
...
|−a〉
|an−1〉 X
|an〉 X


|a〉
|1〉 |1〉
(a)
|a〉
QTC
|−a〉
(b)
Fig. 11. The two’s complement of signed binary integer (QTC) (a) the quantum circuit of QTC,
(b) the simplified graph of QTC.
|a1〉 • •
|a2〉
QTC
|a2〉 ||a|〉
...
...
|an−1〉
|an〉


|a〉
|1〉 |1〉
|0〉 • |s〉
(a)
|a〉
QABS
||a|〉
(b)
Fig. 12. The QFT based absolute value (QABS) (a) the quantum circuit of QABS, (b) the sim-
plified graph of QABS.
The QTC operation requires a total of n+ 1-qubits with an ancillary qubit for
an input n-qubits. The QABS operation requires a total of n + 2-qubits with two
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ancillary qubits for an input n-qubits. The number of operations required for the
QTC circuit is
(
n2 + 3n
)
for the input n-qubits |a〉 and the time complexity is
O(n2). The number of operations required for the QABS circuit is
(
n2 + 3n+ 2
)
for the input n-qubits |a〉 and the time complexity is O(n2).
3.4. QFT based comparison operation
The quantum comparator (QC) module proposed by Wang et al.17 is used for
comparison of quantum states in most of the studies. The QC module in Ref. 17
compares two n-qubits unsigned integers (positive) with the same number of qubits.
In this study, the proposed QFT based quantum comparison (QComp) scheme can
be used to compare all signed integers with different numbers of qubits (n ×m).
The QC module in Ref. 17 uses a lot of qubits and has a lot of time complexity.
The proposed QComp scheme can be compare all signed integers using the
QFT-based QNMSub operation and 3 ancillary qubits |0〉. The proposed method
is quite simple and based on the subtraction of the signed integer state |b〉 from
the signed integer state |a〉. The quantum circuit of QComp is shown in Fig. 13.
After subtraction from |a〉 to |b〉, one of the three ancillary quits changes to |1〉 by
controlled NOT gates. According to the measurement results of qubits c0, c1, c2; if
c0 = 1 then a > b, if c1 = 1 then a < b, if c2 = 1 then a = b.
|0〉
QNMSub
•
|a〉
|b〉
|0〉 |c0〉
|0〉 |c1〉
|0〉 |c2〉
(a)
|0〉
QComp
|a〉
n
/
|b〉
m
/
|0〉 |c0〉
|0〉 |c1〉
|0〉 |c2〉
(b)
Fig. 13. The QFT based comparison operation (QComp) (a) the quantum circuit of QComp, (b)
the simplified graph of QComp.
The QC module in Ref. 17 needs additional 2n ancillary qubits to compare n-
qubits state |a〉 with n-qubits state |b〉. The proposed QComp module only needs
3 additional ancillary qubits for the result. The QC module uses two times (01)-
controlled NOT and (10)-controlled NOT gates, 1
2
n(n− 1) times (0010)-controlled
NOT and (0001)-controlled NOT gates for comparison. Since the n-CNOT gate
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consists of 2n − 1 Toffoli gates and 1 CNOT gate, the scheme in Ref. 17 uses a
lot of basic gates. The number of operations required for the QC in Ref. 17 is(
48n2 − 48n+ 16) for n × n inputs. The number of operations required for the
proposed QComp is
(
n2 + 3n+ 41 +m(2n−m+ 3)/2) for n×m inputs (for n =
m,
(
(3n2 + 9n+ 82)/2
)
) and the time complexity is O(n2).
3.5. QFT based multiplication operation
The QFT multiplier proposed in Ref. 13 performs non-modular multiplication of
unsigned integers (n× n). Alvarez-Sanchez et al. proposed quantum multiplication
on signed integers (n× n) in Ref. 9 based on the Booth algorithm which is widely
used in classical computer. The result is stored in 2n-qubits separately from the
input qubits in Alvarez-Sanchez et al.’s circuit. In this section, the quantum circuit
of a novel non-modular QFT-based multiplication is proposed which multiplies the
signed integers of all different qubit numbers (n × m). The proposed circuit also
needs n+m− 1-qubits (for n = m, 2n− 1-qubits) for the multiplication result |a.b〉
of n-qubits |a〉 and m-qubits |b〉.
In order not to change the values of inputs |a〉 and |b〉 in the process, copies of
the inputs are made in the proposed circuit and operations are performed on them.
This is done by taking into consideration the studies that need to reuse the input
states. The copy states are treated as inputs and multiplication occurs in these
copy states. If it is not important to change the values of inputs, the operations in
the circuit can be directly processed on states |a〉 and |b〉. In this case, no extra m
ancillary qubits will be required. The unitary UC operation for copying an n-qubits
state |x〉 to another n-qubits state |0〉 is shown in Fig. 14.
UC |x〉 |0〉 = |x〉 |x〉 . (11)
The result of the a.b operation is found by |b| (absolute value of b) times adding a
value to 0 in this study. If |b〉 is a negative integer, its absolute value will be positive.
Therefore, the signal qubit of the result will be incorrect. Since the operation is
performed with the absolute value of |b〉, the qubit |0〉 called sctrl is defined to
correct the sign of the result |a.b〉. The sign qubit |b1〉 of state |b〉 is transferred to
the sctrl state |0〉 with CNOT gate. If |b〉 is a negative integer, |b1〉 is |1〉 and sctrl
will be |1〉. Hence, at the end of the procedure, the result is corrected by applying
scrtl-controlled the two’s complement (QTC) circuit. After the signal information
is transferred to the sctrl qubit, the state |b〉 is backed up to the ancillary qubits
|0〉⊗m as |b′〉 with the operation UC. The absolute value of |b〉 is calculated on the
ancillary qubits |b′〉. The QFT is applied to the allocated n+m− 1-qubits for the
result. Then |a〉 is added to this result qubits by NMAdd, |1〉 is subtracted from
|b′〉 by QMSub and a zero-controlled NOT gate is applied to the ancillary qubit
|0〉 as ctrl to check if state |b′〉 = |0〉⊗m−1. If the state ctrl = |1〉, the process is
terminated by applying the inverse QFT and the controlled QTC. The quantum
May 8, 2020 2:44 WSPC/INSTRUCTION FILE
Manuscript˙quantum˙arithmetic˙operations
14 Engin S¸ahin
|x0〉 •
|x1〉 •
...
· · · ...
|x〉
|xn−1〉 •


|x〉
|0〉
|0〉
...
· · · ...
|x〉
|0〉
(a)
|x〉
n
/
UC
|x〉
|0〉
n
/ |x〉
(b)
Fig. 14. The Unitary Copy (UC) (a) the quantum circuit of UC, (b) the simplified graph of UC.
circuit of QFT-based multiplication (QNMMul) on two signed integers (n ×m) is
shown in Fig. 15.
sctrl |0〉 • |s〉
|0〉
⊗n+m−1
QFT
NMAdd NMAdd
QFT † QTC
|a.b〉
|a〉 · · · |a〉
sign |b1〉 • • |b1〉
|b2...bm〉
UC
|b2...bm〉

|b〉
|0〉
QABS
QMSub QMSub
|0〉
|0〉
⊗m−1 · · · |0〉
⊗m−1
|1〉 |1〉
ctrl |0〉 • |1〉
(a)
|0〉
n + m − 1
/
QNMMul
n + m − 1
/ |a.b〉
|a〉
n
/
n
/ |a〉
|b〉
m
/
m
/ |b〉
(b)
Fig. 15. The QFT based multiplication operation (QNMMul) (a) the quantum circuit of QNMMul,
(b) the simplified graph of QNMMul.
The proposed QFT-based multiplication operation requires m + n − 1-qubits
for the result |a.b〉, m-qubits for the copy of the state |b〉 (If the change of
|b〉 is not important, these qubits are not needed) and 3 ancillary qubits (|0〉
as strl, |1〉, |0〉 as ctrl). The time complexity of the UC circuit is O(n) for
n-qubits input. The number of operations required for the QNMMul circuit is(
(5n2 + n)/2 + 4m2 + 4nm+ 6m+ 7
)
=
(
(21n2 + 13n)/2 + 7
)
(for n = m) for the
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inputs n-qubits |a〉 and m-qubits |b〉 and the time complexity is O(n2).
3.6. QFT based division operation
In this section, the quantum circuit of a new non-modular QFT-based division is
proposed which divides the signed integers of all different qubit numbers (n×m).
The proposed circuit also needs n-qubits for the division result |a/b〉 of n-qubits |a〉
and m-qubits |b〉.
In the division operation, as in the multiplication operation, the copies of the
inputs |a〉, |b〉 are made in order not to change the inputs. The copy states are
treated as inputs and division occurs in these copy states. If it is not important to
change the values of inputs, the operations in the circuit can be directly processed
on states |a〉 and |b〉. In this case, no extra n+m ancillary qubits will be required.
The result of the a/b operation is obtained by taking the absolute values |a|, |b|
of a and b first, and the number of steps of subtraction of a from b until the value
of a is negative. If only one of the |a〉 and the |b〉 is negative, its absolute values
will be positive. Therefore, the signal qubit of the result will be incorrect. Since the
operation is performed with the absolute value of |a〉 or |b〉, the qubit |0〉 called sctrl
is defined to correct the sign of the result |a/b〉. If the signs of the input states |a1〉
and |b1〉 are different, NOT gates are applied to the sctrl qubit with 01-controlled
and 10-controlled at the inputs and the sign information stored in the strcl qubit
for the correction of the result’s sign at the end of the operations. If only one of the
|a〉 and the |b〉 is a negative integer, |b1〉 or |b1〉 is |1〉 and sctrl will be |1〉. Hence,
at the end of the procedure, the result is corrected by applying scrtl-controlled
the two’s complement (QTC) circuit. After the signal information is transferred to
the sctrl qubit, the states |a〉 and |b〉 are backed up to the ancillary qubits |0〉⊗n
and |0〉⊗m as |a′〉 and |b′〉 with the operation UC. The absolute values of |a〉 and
|b〉 are calculated on the ancillary qubits |a′〉 and |b′〉. The QFT is applied to the
allocated n-qubits for the result. Then |b′〉 is subtracted from the |a′〉 by QMSub,
CNOT gate (controlled qubit:|a0′〉) is applied to the ctrl |0〉 qubit to check if state
|a0′〉 = |1〉 and |1〉 is added to |a/b〉 by MAdd. If the state ctrl = |1〉, the process
is terminated by applying the inverse QFT and the controlled QTC. The quantum
circuit of QFT-based division (QNMDiv) on two signed integers (n×m) is shown
in Fig. 16.
The proposed QFT-based division operation requires n-qubits for the result
|a/b〉, n-qubits for the copy of the state |a〉 and m-qubits for the copy of the state
|b〉 (If the changes of |a〉 and |b〉 are not important, these qubits are not needed)
and 3 ancillary qubits (|0〉 as strl, |1〉, |0〉 as ctrl). The number of operations
required for the QNMDiv circuit is
(
3n2 + 12n+ nm+ (m2 + 11m)/2 + 36
)
=(
(9n2 + 35n)/2 + 36
)
(for n = m) for the inputs n-qubits |a〉 and m-qubits |b〉
and the time complexity is O(n2).
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sctrl |0〉 • |s〉
|0〉
⊗n
QFT
MAdd MAdd
QFT † QTC
|a/b〉
|1〉 · · · |1〉
sign |a1〉 • • |a1〉
|a2...an〉
UC
|a2...an〉

|a〉
|0〉
QABS
QMSub
•
QMSub
•
|0〉
⊗n−1
|0〉
⊗m
UC
QABS ||b〉|
sign |b1〉 • · · · |b1〉
|b2...bm〉 |b2...bm〉

|b〉
ctrl |0〉 • |1〉
(a)
|0〉
n
/
QNMDiv
n
/ |a/b〉
|a〉
n
/
n
/ |a〉
|b〉
m
/
m
/ |b〉
(b)
Fig. 16. The QFT based division operation (QNMDiv) (a) the quantum circuit of QNMDiv, (b)
the simplified graph of QNMDiv.
4. Discussion
There are no non-modular operations on the signed integers (n ×m) without any
limitation in the literature. In the all studies in the literature, addition, multiplica-
tion and exponential operations are performed on integers having the same number
of qubits (n × n). There is no study on quantum subtraction, quantum division
and quantum two’s complement methods. Only the addition operation in Ref. 13
(limited for negative integers) and the multiplication operation in Ref. 9 work with
signed integers. All the studies in the literature are modular, except for the addi-
tion operation in Ref. 13. Too many 2n-CNOT gates are used in non-QFT based
quantum arithmetic operations. Therefore, the number of basic gates to be used
increases too much. Since there are no studies that do exactly the same proce-
dures as the methods proposed in this study, some comparisons with the studies in
Refs. 9, 13, two nearest studies, will be shown in the tables.
The required numbers of ancillary qubits (on the states |a〉 , |b〉 and the copied
states |a′〉 , |b′〉) of the proposed arithmetic operations are shown in Table 1 (the
states |a〉 and |a′〉 are n-qubits, the states |b〉 and |b′〉 are m-qubits). The required
numbers of operations and the time complexities of the proposed arithmetic oper-
ations are shown in Table 2. The required number of ancillary qubits, the required
numbers of operations and the time complexities of the other proposed operations
are shown in Table 3.
All of the available studies do the arithmetic operations with integers having
the same qubit number (n × n). Therefore, the situations of the proposed circuits
on integers of the same qubit numbers were considered for a more efficient com-
parison. The comparison of the QFT-based proposed addition and the QFT-based
addition operation in Ref. 13 in terms of the required number of ancillary qubits
and operations, the time complexity for signed integers (n×n) is shown in Table 4.
The proposed and the existing in Ref. 13 QFT-based addition operations require
the same number of ancillary qubits. The existing addition operation in Ref. 13
uses only 15 gates less than the proposed used. However, this is for the maximum
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number of qubits of integer b. As the number of qubits of integer b decreases, the
our proposed addition operation uses fewer resources than Ref. 13. Furthermore,
the our proposed addition operation can operate without any limitation on negative
integers.
The comparison of the proposed multiplication and the multiplication operation
in Ref. 9 in terms of the required numbers of ancillary qubits and operations, the
time complexity for signed integers (n× n) is shown in Table 5.
The proposed QFT-based multiplication operation requires far less ancillary
qubits than the existing multiplication based on the classic Booth algorithm in
Ref. 9 for the result. In Ref. 9, as the number of qubits of the inputs |a〉 , |b〉 increases,
the number of required ancillary qubits will be increase exponentially. In terms of
time complexity, multiplication operations are almost identical. Considering the
non-modular multiplication of the signed numbers and the number of required
ancillary qubits, it is seen that the proposed study is more efficient than Ref. 9.
The comparison of the proposed comparison and the existing comparison oper-
ation in Ref. 17 in terms of the required number of ancillary qubits and operations,
the time complexity for integers (n× n) is shown in Table 6.
The circuit in Ref. 17 is designed to make comparisons only with unsigned
integers. The proposed circuit is designed to compare all signed integers. While the
proposed circuit requires only 3 ancillary qubits for the result, the circuit in Ref. 17
requires 2n ancillary qubits. The proposed circuit is also better than Ref. 17 in
terms of time complexity.
The most important difference of the proposed circuits from the other circuits
is that they perform non-modular operations on all signed integers by using less
ancillary qubits and lower time complexity.
5. Conclusion
Arithmetic operations are required for most methods using quantum computation,
especially quantum image and audio processing. This paper presents quantum cir-
cuits of QFT-based non-modular addition, subtraction, multiplication and division
operations for signed integers with different qubit numbers. In addition, quantum
circuits of two’s complement, absolute value and comparison operations are also
presented. The proposed procedures in this paper will reduce the resource usage
of most quantum studies in the literature. It is also considered that the inputs do
not change in order to be useful in many quantum methods to be developed. After
this paper, it is aimed to develop quantum edge detection, steganography and pat-
tern recognition algorithms in quantum images by using these quantum arithmetic
operations.
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Table 1. The required number of ancillary qubits
of the proposed modular and non-modular arith-
metic operations.
Operation On |a〉 and |b〉 On |a
′
〉 and |b
′
〉
ancillary qubits ancillary qubits
QNMAdd 1 n+ 1
QMAdd 0 n
QNMSub 1 n+ 1
QMSub 0 n
QNMMul n+m+ 2 n+ 2m+ 2
QNMDiv n+ 3 2n+m+ 3
Table 2. The required numbers of operations and the time complex-
ities of the proposed modular and non-modular arithmetic opera-
tions.
Operation numbers of time
operations complexity
QNMAdd
(
n2 + 3n+ 18 + 1
2
(m(2n −m + 3))
)
O
(
n2
)
QMAdd
(
n2 + n+ 1
2
(m(2n −m + 1))
)
O
(
n2
)
QNMSub
(
n2 + 3n+ 18 + 1
2
(m(2n −m + 3))
)
O
(
n2
)
QMSub
(
n2 + n+ 1
2
(m(2n −m + 1))
)
O
(
n2
)
QNMMul
(
1
2
(5n2 + n) + 4m2 + 4nm + 6m + 7
)
O
(
n2
)
QNMDiv
(
3n2 + 12n+ nm+ 1
2
(m2 + 11m) + 36
)
O
(
n2
)
Table 3. The required numbers of ancillary qubits, required numbers of op-
erations and the time complexities of the other proposed operations.
Operation ancillary numbers of time
qubits operations complexity
QTC 1
(
n2 + 3n
)
O
(
n2
)
QABS 2
(
n2 + 3n+ 2
)
O
(
n2
)
QComp 3
(
n2 + 3n+ 41 + 1
2
(m(2n −m+ 3))
)
O
(
n2
)
Table 4. The required number of qubits and operaions,
the time complexity for addition operation with signed in-
tegers (n× n).
Operation ancillary numbers of time
qubits operations complexity
Proposed 1
(
3
2
(n2 + 3n+ 12)
)
O
(
n2
)
Ref. 13 1
(
3
2
(n2 + 3n+ 2)
)
O
(
n2
)
Table 5. The required number of ancillary qubits and oper-
ations, the time complexity for multiplication operation with
signed integers (n× n).
Operation ancillary numbers of time
qubits operations complexity
Proposed 2n+ 2 O
(
1
2
(21n2 + 13n) + 7
)
O
(
n2
)
Existing 9 n2 + 4n O
(
11n2 + 6n+ 4
)
O
(
n2
)
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Table 6. The required number of ancillary qubits and oper-
ations, the time complexity for comparison operation with
integers (n× n).
Operation ancillary numbers of time
qubits operations complexity
Proposed 3
(
1
2
(3n2 + 9n+ 82)
)
O
(
n2
)
Ref. 17 2n
(
48n2 − 48n+ 16
)
O
(
n2
)
